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We derive the van der Waals interaction energy between two semi-infinite dielectrically
anisotropic bodies acting across a planar slab filled with a third anisotropic material. The
derivation, valid in the non-retarded limit, is performed by a summation of electromagnetic
surface-mode fluctuations. The result is a free energy of interaction as a function of body
separation and of rotation of the various media. The angular dependence of the energy
predicts a torque between the two bodies; in some cases the van der Waals interaction
between like substances will change from attraction to repulsion under rotation.

INTRODUCTION

Since E. M. Lifshitz’* formulation in 1955 of the van der Waals interaction be-
tween macroscopic bodies, several experimental measurements have confirmed
the predicted interaction between isotropic solid bodies across a vacuum?-3,
Good agreement has also been established between measured and calculated
estimates of the interaction of water across a hydrocarbon medium#* %6,
Moreover, the original geometry considered by Lifshitz, two semi-infinite
media acting across a planar slab, has been generalized to give estimates for
interactions across triple-layer, and many-layer films®°,
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260 V. A. PARSEGIAN AND G. H. WEISS

These calculations and analyses show that the resulting van der Waals
force between two large bodies can in no way be considered the additive
pairwise sum of interactions between incremental parts of the two bodies!®.
In addition there may be strong temperature dependent forces when an
intermediate material is of similar weight density but greatly different zero-
frequency dielectric constant from that of the interacting bodies'!.

Such results suggest a more or less exhaustive discussion of van der Waals
forces by means of the Lifshitz approach for the understanding of many-
body effects. Besides the effect of different geometrical shapes there has been
some question of the role of polarization anisotropy in van der Waals
attraction!'?. In this paper we derive the van der Waals force between aniso-
tropic bodies across an anisotropic planar slab. To do this we follow the
method of surface mode summation explained elsewhere!3 4. The resulting
formulae, valid in the non-retarded limit, can be specialized to several cases
which may obtain in practice. It is rather clear finally that only if material
polarizability of the separating medium is very close to those of the inter-
acting bodies will anisotropy be a noticeable feature. Otherwise, average
polarizabilities suffice for calculation of the van der Waals forces between
macroscopic bodies.

MODEL

The model to be studied is characterized by a planar slab of material of thick-
ness L separating two semi-infinite media. All three media will be assumed
to have anisotropic dielectric properties so that the displacement vector D
is related to the electric vector by D = €E where € is a dielectric tensor.
We will assume that the dielectric tensor in medium r can be represented
by means of principal dielectric axes, in which form it will be written

€’ 0 0
€ = 0 €, 0
0 0 € , r=123. (1)

The major assumption in the following analysis is that the “3” dielectric
axis coincides with the z axis as defined by Figure 1. Although the analysis
can be carried through when this condition does not obtain, the algebra
becomes much more complicated. We believe that our analysis is sufficient
to indicate the order of magnitude of effects due to anisotropy. The use of
the assumption allows us to characterize the dielectric tensors by two angles,
#,, 65 which represent the rotation around the z axis of materials 2 and
3 with respect to material I. The case 8, = 0; = 0 refers to the situation
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FIGURE 1 Two anisotropic bodies of substance "1™ interacting across a planar slab of
anisotropic material “2". All materials are assumsad to have mutually orthogonal principal
polarization axes. The principal axes of region 1 (¢.',¢,',¢,') coincide with the axes (x,y,z) in
the label. We consider the case where regions 2 and 3 are rotated by angles 8, and 85 about
the z-axis (perpendicular to the planar slab) where 8, and 8; about the z-axis (psrpendicular
to the planar slab) where 8, = 0, 8, = O refer to the case where all principal *“x-axes’ are
parallel.

in which the principal dielectric axes of all of the media are parallel. The
effects of rotating materials 2 and 3 by amounts 8, and 6; can be repre-
sented through the use of dielectric tensors ¢*(6,) and:c3(03) where

T4 (¢ —¢)sin? 0, (¢ —¢)sin0,cos0, O
€0,)=| (&5 —¢)sinb.cosl, ¢ +(c,—¢)sin?0, 0 |. (2
0 0 €

z

It is understood that the various components ¢,” also depend on the driving
frequency w. We also assume that only the dielectric properties are aniso-
tropic and that the magnetic material properties are summarized by p = I
where I is the unit matrix.

DERIVATION

We will calculate the free energy of interaction by using a method first
introduced by van Kampen Nijboer, and Schram'? and later exploited by



17: 24 22 January 2011

Downl oaded At:

262 V. A, PARSEGIAN AND G. H. WEISS

Ninham, Parsegian and Weiss'#. This consists first of representing the electro-
magnetic field by an ensemble of harmonic oscillators for which the Helm-
holtz free energy can be written

G(L,T) = kT Z In {2 sinh (Bhw;/2)} 3)

in which T is the temperature, 8 = 1/(kT) where k is Boltzmann’s constant,
h = h/(2r) where h is Planck’s constant, and the w, are the electromagnetic
surface modes in radians;sec. This expression for the free energy can be
transformed into a contour integral over the dispersion relation, D(w) = 0,
whose roots give the frequencies of standing waves. It is the integral form
with which we will be dealing. The first step, however, is a derivation of the
function D(w).

In the nonretarded limit (i.e., the speed of light is considered to be infinite,
limiting the validity of this analysis to configurations with L < 100A) we
start from Maxwell’s equations, which are

V- (eE) =0, VxE=0. 4

From the second of these equations we introduce a scalar potential by
E = —Vy so that

V- (eVy) = 0. (5

This equation is to be solved subject to boundary conditions at the inter-
faces which state that the components E,, E, and (€E), are continuous
there. A solution to Eq. (5) valid in material r can be obtained by substi-
tuting the form

¥, =f(DexpLi(ux + vy)], =123 (6)
This leads to the following equation satisfied by the functions f,(z)
&'1,'(2) — (e]yu® + 2ef,uv + €5,0°)f(z) = 0 (7)

where ¢; is the ij element of the rotated matrix given in Eq. (2). This last
equation can be rewritten

5@ = B0z =0 (®)
where

r

2 exr . 2 ey .
B2 (0) = ;(u cos 0 + vsin )% + 6—,(1) cosf — usin6)2 Q)

Equation (8) has the solution

J(2) = A,e"* + Bt (10
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Notice that since only surface modes have physical significance we can
immediately set B, = A; = 0. The boundary conditions at z =0 and
z = L can be written in terms of the f,(z) as

LO =£0),  €1,0) = €25(0) an
fZ(L) =f3(L)s €z2f2,(L) = 623f3’(L)'

When the specific forms of Eq. (10) are substituted into this set of boundary
conditions, then it is found that in order for the 4, and B, to be nonzero

it is necessary that
@ =N =B pmaper _ g g, (12)
a+1/\b+1

in which the parameters @ and b are

— ezl ﬁl b — 623B3(03) 13
NPET XU €2 (0, ()

Equation (12) furnishes us with the dispersion relation D(w) = O since the
€’s depend on w. It is easy to verify that the dispersion relation derived
above reduce to previously derived results for isotropic media. When
€, = €, the dispersion relation is independent of angle because of the isotropy
in all planes perpendicular to the z axis.

Having derived an expression for the dispersion relation we can now use
results derived in earlier papers®!!:!3:14 to rewrite the free energy as

kT

o0
=_.22

- n

" dudvln [1 — A&, u,0,0)e 2020 (14)

0

G(L) = i f udvln D(i&,; u,v)

where we have explicitly included the dependence of the dispersion relation
on u and v, &, = 2nnkT/h, the prime on the summation indicates that the
n = 0 term is to be multiplied by 4, and

A (Ent, v, 0) = (a . 1)(2_1—3 (15)
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The double integrals in Eq. (14) can be reduced to single integrals by intro-
ducing polar coordinates, u = pcos ¢, v = psin¢, in which case the
B,(6) can be written

B.A0) = f—j[cx’cosz(() —¢) + ¢, sin?(0 — ¢)] (16)

= p’8,%(0 — ¢)
where g,2(9) is, by definition,

A Gl ) Gin2 0,
r

Since the p terms in the expressions for g and & cancel (Eq. (13)), the p integ-
ration can be expressed in the form

2n ©
f du dvIn D(i&,, u,v) = '[ d¢ | pdpin[1 — A0, p)e” 2020~ (17)
0 0

It is sometimes useful to take advantage of the fact that A*(0,¢) < 1 to
expand the logarithm and perform the p integration explicitly. This leads
to the expression

kT & 12 A0, ¢)
o 1Y) a6, 18
G(L) 16 2L2 Z:0 m=1 ’n 0 g22(02 - ¢) (b ( )
Both Eqgs. (17) and (18) reduce in the isotropic limit, to results derived
earlier by Ninham and Parsegian®.

EXAMPLES AND DISCUSSION

We are now in a position to apply these results to some special cases in
order to determine the circumstances under which dielectric anisotropy
might lead to measurable orienting forces. We have searched the available
literature to determine the amount of anisotropy in various crystals. The
greatest variation was found in the uniaxial crystal of HgCl for which the
two indices of refraction are 1,973 and 2.656, or the two corresponding
dielectric susceptibilities are 3.893 and 7.054. If we assume that this crystal
has only a single absorption peak in the uv at 1.83 x 10'€ rad/sec for ¢, (w),
¢,(w) and ¢,(w) (derived from the ionization potential), then for the inter-
action of two such crystals across a vacuum (e? = I) the variation in energy
with orientation is less than one percent over the entire range of angles.
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With this example in mind it is of some interest to inquire whether there
are any circumstances under which anisotropic dielectric properties will
lead to substantially different energies as the media are rotated. We have
been able to determine at least one possible situation in which this might
be the case. Let us consider two identical uniaxial anisotropic media with
principle axis dielectric susceptibility « and dielectric susceptibilities equal
to f} along the remaining two axes, interacting across an isotropic medium
characterized by €? = 1. If we denote the combination (¢ — )/ by 7,
then the expression for the function A,> when the principal dielectric axis of
the crystal is in the xy plane can be written

, <€2 — BJ1 + ycos? ¢><62 — BT + ycos? (0 — d)))
A2 = —_— (19)
cz+/3\/1+ycosz¢ 62+ﬂ\/1+7C082(0—¢)

in which we have set 8; = 0 for convenience. Let us assume, to begin with,
that ¢2 = f3, and that y is small. Then, to first order in y we find that

2
A2 x ly—écos2 ¢ cos? (0 — ¢) (20)

where y contains the dependence on m. For an isotropic dielectric the
function g,(6) is identically equal to 1. Hence the m = 1 term in Eq. (18)
can be carried out exactly, and we find that to a good approximation

kT
G(L)y = — 1004n 2 [1+ 200520] Z’y,,z . (21)

The angular factor varies from 3 to 1 as 6 varies from 0 to 90°, although the
absolute value of the free energy is quite small in this case because of the

n
factor X'y,>. However, the simplified model calculation suffices to suggest
that in order to emphasize anisotropy it is necessary that ¢? ~
In order to test this idea we have used the parameters for HgCl, i.e.,
we have chosen

1+ 2.893/(1 + (£/&0)?)
1 + 6.054/(1 + (£/&4)?)

o

B

where &, = 1.83 x 10! rad/sec. The dielectric properties of the inter-
mediate material were assumed to be those of a melt, such that €2 was
chosen to be

(22)

1
€ = 3@ +2p) =1+ 50/(1 + (&80, (23)
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For this set of parameters the value of y is not necessarily small, but it is
true that €2 ~ f. The sum over n in Eq. (14) can be converted into an
integral over ¢ = 2nnkT/h, and to a good approximation, G(L) is given by
h ® .,
G(L) = - WL difo A*(¢,0,¢) do
(24)

h
= " aep’®

A curve of the function s(6) x 10~!# is plotted in Figure 2. It is obvious
on physical grounds that s(6 + n/2) = s(6 — =/2) so that the curve shown
covers the entire range. The most striking feature is that the free energy
changes sign indicating that the attractive force at 6 = 0 changes to a
repulsive force by 6 = 90°.

[e]

s(8) x 107sec™!

t
n
T

-4

] .l )
(¢} 30° 60° 20°
8

FIGURE 2 A curve of the function s(8) that contains the angular dependence of the
free energy for two crystals of HgCl acting across an isotropic medium with properties
that are an arithmetic mean of the properties of the three dielectric axes.

It should be noted that energies involved in this anisotropic effect are
quite small in comparison with the weakly anisotropic energy that results
when the intermediate medium is a vacuum. For this latter case the values
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of s(f) range from 8.89 x 10'6sec™! at § =0 to 8.83 x 10'®sec™? at
0 = 90° and the energy is therefore two orders of magnitude greater. The
value of energy/unit area for a separation of 25A (with a melt as the inter-
mediate medium) is 1.05 x 102 erg/cm? at Af = 0° and 90° respectively.
Although the two systems show a qualitative difference in behavior with
respect to forces it is interesting to notice that the difference in energy due
to rotation through 90° is roughly 2 x 10~2 ergs/cm? for an intermediate
melt and 1 x 1072 ergs/cm? for the intermediate vacuum. The interesting
point about these numbers is that they are of the same order of magnitude.
Whether this order of magnitude equality is a more general phenomenon
can only be investigated by doing calculations for many more sets of para-
meters. It does appear from the present calculations that anisotropic dielectric
properties can lead to significant forces for orienting crystals in a melt.
It is also possible that these long range orientation forces act to align
regions of smectic liquid-crystal phases!5,

Although we have exhibited a situation in which anisotropic dielectric
properties lead to a significant orientation force, it is not clear how general
this effect might be. The properties of HgCl are more anisotropic than those
of most other crystals, and we obtained a very small effect unless the inter-
mediate zone has very special properties that tend to null certain isotropic
properties of the crystal. We do not believe that any qualitative effects will
be changed if the theory is developed with retardation, but we have not
yet made detailed calculations to verify this.
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